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Abstract

In Ndogmo (2008 J. Phys. A: Math. Theor. 41 025207), the author claims
to have determined a complete list of functionally independent differential
invariants up to order 2 for the equivalence group of differential equations
defined by vector fields when there are two and three independent variables. In
this comment, we show that this is not the case. Using the equivariant moving
frame method, we derive a complete set of functionally independent differential
invariants of orders 1 and 2 for an arbitrary number n > 2 of independent
variables. In the particular case n = 2, we obtain six functionally independent
invariants, two of which were not found in Ndogmo (2008 J. Phys. A: Math.
Theor. 41 025207). In the case n = 3, we get 21 functionally independent
invariants, six of which are new. We also give a complete classification of the
differential invariants.

PACS number: 02.20.Tw
Mathematics Subject Classification: 58A20, S8HO0S, 58J70

1. Introduction

In 1998 and 1999, Fels and Olver developed the theory of equivariant moving frames
for Lie groups [3, 4]. Recently, their work has been generalized to Lie pseudo-groups
[7-9]. As for finite dimensional Lie groups, the equivariant moving frame method for Lie
pseudo-groups gives all functionally independent differential invariants of a pseudo-group
action, and establishes the recurrence relations between invariantly differentiated invariants
and normalized invariants, [8, 9]. It can also be used to derive the structure equations of
Lie pseudo-groups, [7]. The first extensive application of this new theory can be found in
[1, 2]. In those two papers, the structure equations for the symmetry pseudo-group of the
Kadomtsev—Petviashvili equation and the classification of the differential invariants is carried
out in complete detail.
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The computation of differential invariants of a symmetry group using Lie’s approach
requires the integration of a linear system of partial differential equations [6]. With the
equivariant moving frame method, differential invariants are derived using only differentiation
and solving algebraic equations. Since algebraic equations are usually easier to solve than
differential equations, the equivariant moving frame approach frequently gives the differential
invariants with less work compared to Lie’s approach. This is particularly true for the problem
we are concerned with in this paper. In [5], the author uses Lie’s approach to derive some of the
differential invariants of orders 1 and 2 for the equivalence pseudo-group of transformations
for differential equations defined by a vector field

n
> ad (0)dau(x) =0, x = (X1, ey Xn), (1)
i=1
when there are two and three independent variables. The derivation takes a total of about
seven pages. With the equivariant moving frame method the same computation, for an
arbitrary number n > 2 of independent variables, is done in one page.

The purpose of this paper is not just to illustrate how the equivariant moving frame method
can reduce the amount of computations when it comes to determining the differential invariants
of a Lie pseudo-group, but to also address some errors found in [5]. In theorem 6 of [5], the
author claims to have found all differential invariants, up to order 2, for the pseudo-group of
equivalence transformations of (1) when there are two and three independent variables, but
we show that this is not the case. Using the equivariant moving frame technic we establish
a complete set of functionally independent differential invariants of (1), up to order 2, for an
arbitrary number n > 2 of independent variables. In the cases n = 2, 3 we show that we have
found more functionally independent invariants than in [5]. Furthermore, the conjecture of [5]
on page 12 is false. The conjecture is based on the wrong number of functionally independent
invariants of orders 1 and 2 derived by the author when n = 2, 3, and on an unjustified quantity
W, at the top of page 12. The conjecture must be replaced by our proposition 5.

The paper is divided as follows. In section 2 we start by giving an outline of the
equivariant moving frame theory, then in section 3 we summarize the equivalence problem
for the differential equation (1) discussed in [5]. Using the method of equivariant moving
frames we derive all functionally independent invariants up to order 2 for the equivalence
pseudo-group in section 4, and we finish the paper by studying the ‘algebra’ of differential
invariants.

2. Equivariant moving frame theory

For a detailed exposition of the equivariant moving frame theory for Lie pseudo-groups we
refer the reader to [8, 9]. In this section we state the important results without proofs.

2.1. Normalized invariants

Let M be a smooth manifold of dimension m. Let J" (M, p) be nth jet bundle of equivalence
classes of p-dimensional submanifolds S of M with nth order contact. We choose local
coordinates on M

2= =X ud) = (), p+q=nm,

so that the submanifold S can be expressed as the graph of smooth functions u® = f*(x), o« =
1,...,q. Local coordinates on J"(M, p) are given by ;S = (x,u™), where u™ denotes
all derivatives u with respect to the variables x up to order n. We denote by D(M) the
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pseudo-group of all local diffeomorphisms of M. For 0 < n < oo, let D™ — M be
the subbundle of J"(M, M) consisting of the nth order jets j"i of local diffeomorphisms
¥ : M — M. Local coordinates on D™ are given by j'y = (x,u, X™, U™), where
z = (x,u) € M are the source coordinates, Z = (X, U) € M the target coordinates and
X = 9"X/9z4 i = 1,...,p,U% = 3" U9z, 0 = 1,...,q,1 < #A < n, are the
derivatives of the target coordinates with respect to the source coordinates. The jet coordinates
X'y, U4 are to be viewed as representing the group parameters of the diffeomorphism pseudo-
group D. The right action of D on D™ is defined by

Ry (j19) = Jy (@ o v,
when the composition ¢ o ! is defined.
Definition 1. A Lie pseudo-group G is a sub-pseudo-group of D(M) whose diffeomorphisms
are local solutions of an involutive system of defining partial differential equations

F(x,u, X", U™) =0. )

The pseudo-group G acts on the submanifold jet bundle J"(M, p) by mapping the
submanifold jet jS = (x, u™) to the target jet /|, - jI'S = jj . ¥(S) = (X, U™, ¢y eG. A
hat is added over the transformed jet coordinates to distinguish them from the diffeomorphism
jet coordinates U%. The local expressions for U™ are given by

U% = Dy, -~ Dy UY, 0<k=#J<n, a=1,...,q, 3)

where

p
Dyi = Z W/ D,, with (W/) = (DuxH™, i=1,...,p, 4)
j=1

and D, is the total differential operator with respect to x'.

The pseudo-group jet G™ and the submanifold jet J"(M, p) are put together in the
bundle H™ — J"(M, p) obtained by taking the pull-back of G™ — M along the usual jet
projection " : J"(M, p) — M. The local coordinates on H are given by the pair of jets
(j2S, j'¢), S C M, ¢ € G. The pseudo-group G acts on H by

Yl (1S, J1) = (ifo ¥ (S, jpwy (@ o). (5)
From (5) it follows that the target jet coordinates ¥, - jI'S = (X, U ™) are invariant under

the action of G.

Definition 2. An nth order moving frame for a pseudo-group G acting on p-dimensional
submanifolds of M is a G-equivariant local section p™ : J"(M, p) — H™.

The G-equivariance of the section means that

PO |y - o u®™)) = o ™) (W) Y EG,
when all products are defined.
An nth order moving frame exists in a neighborhood of a jet (x, #™) if and only if G acts
locally freely at (x,u") and the action is regular. In applications, a moving frame p is
obtained in three steps. First compute the prolonged pseudo-group action (3):

(X, U™y = P™(x,u®, g™, (6)

which will depend on r,, pseudo-group parameters g™ . Then set r,, of the coordinate functions
(6) to be constant valued

Pv(xyu(n)7g(n)):CV5 Uzla"‘yrl’u (7)
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so as to form a cross-section of the pseudo-group orbits. Finally, solve the normalization
equations (7) with respect to the pseudo-group parameters g,

g™ =n"(x,u™). ®)

Once this is done, the nth order moving frame p™ is given by p™ (x, u™) = (x,u™, h™
(x, u™)).

The invariance of the target jet coordinates (X, ﬁ(")) under the pseudo-group action and
the definition of a moving frame p™ imply

Proposition 1. The normalized differential invariants
H' (e, u™) = (p) (X' = o(x) = X" (e, u®, b (e, u™)),
I5 (e, u™) = (p™) (UF) = o(u) = U5 e, u®, " (e, u™)),

i=1,...,p,a=1,...,q,0 <#J < n, obtained by replacing the pseudo-group parameters
in (6) by (8), form a complete set of functionally independent differential invariants of the nth
prolonged pseudo-group action G,

©))

In (9), r,, of the normalized invariants are constant due to the normalization equations (7).
Those invariants are called phantom invariants and the other are referred to as non-phantom
invariants.

2.2. Recurrence formulae

From the p differential operators (4) and a moving frame p© we derive p independent
invariant differential operators

Z ((p°)* (W) Dy, i=1,...,p. (10)
j=1

Applying the invariant differential operators (10) to the normalized differential invariants
(9), with n = oo, gives new differential invariants that can be expressed in terms of the
normalized invariants (9) since they constitute a basis of the algebra of differential invariants
for the Lie pseudo-group G. Those relations are called recurrence relations. Before writing
out the recurrence formulae we recall some facts about the infinitesimal generators of a Lie
pseudo-group G. A vector field

p q
V=) E L wda + ) 6% (x, u)de (1)

i=1 a=1
is an infinitesimal generator of G if it is the solution to the infinitesimal determining equations
L, u, 57, ¢™) =0, (12)

obtained by linearizing the defining equations (2) of the Lie pseudo-group G at the identity jet
Ips. The nth prolongation of the vector field (11) is given by the usual formula,

<n>_25 (x, u)ax,+ZZ¢J(x u™)0,s,

a=1#J=0
where

p p
o5 (x,u®, ", ") =D, <¢“ - Zu?‘é’) + > ug g (13)
i=1 i=1



J. Phys. A: Math. Theor. 41 (2008) 478001 Comment

Note that the prolonged coefficients (13) are linear combinations of the derivatives
EL, 9%, #A <#J. Let

VSH, I, B, ¢ ) = (@ (x,u, £7, ™)),
be the invariantization of 253 obtained by the substitutions

x> H, us 19, £\ B, % ¢4, (14)
where ,82 and ¢§ are the horizontal components of the invariantized Maurer—Cartan forms
associated with the Lie pseudo-group G, [2]. Since ¢%(x,u™, ™, ¢™) are linear in &}

and ¢4, @j‘(H AW, g™, ™) are linear combinations in the one-forms g} and ¢j. The
differential forms B}, and ¢{ are not linearly independent and remarkably satisfy

Proposition 2. The one-forms /32,1' =1,...,pand ¢y, a =1,...,q,#A > 0, satisfy the
linear relations
LG HY 1% B 8. ) =0, (15)

where L is the completion of the infinitesimal determining equations (12).

The completion £ of L consists of the original equations (12) along with all equations
obtained by repeated differentiation. Equations (15) are obtained in two steps, first compute
the completion £ then make the substitutions (14). We are now in a position to state

Theorem 1. The recurrence formulae for the normalized differential invariants (9) are

P P P
Y DiHNG = +p, D DU =Y 10+, (16)
i=1 i=1 i=1

where o' are invariant one-forms dual to the invariant differential operators D;. Their explicit
expressions are

P
o =Y () (DX N, i=1,...,p.
j=1

The terms B’ and @}" appearing in (16) are called correction terms.

The recurrence relations for the phantom invariants have their left-hand side equal to
zero since these invariants are constant valued. Those equations form a linear system of
equations in B, and ¢¢ which can be solved, if a bona fide cross-section is chosen and the
pseudo-group action is locally free at a certain order n. Substituting their expressions in
the recurrence relations for the non-phantom invariants gives explicit relations between the
invariantly differentiated invariants and the normalized invariants of the form

o __ gao o
Dily =17, + Rj;,

where RS ; is an expression of the normalized invariants (9).

3. The pseudo-group of equivalence transformations for a differential equation
defined by a vector field

In [5], the most general pseudo-group of equivalence transformations for a linear scalar
differential equation

Zai(x)axfu(x) =0, X = (X1 Xn), 17)

i=1
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defined by the smooth vector field Y ", a’(x)d,: is established. The pseudo-group of
equivalence transformations consists of all local diffeomorphisms

0, x0,cR"xR—-R"xR,
x,u) > (X =v%(x,y),U =alx,u)),

mapping (17) into an equation of the same form

E:NMWﬂﬂmza
i=1
where the functions A’(X) can be different from the functions a’(x) appearing in (17). We

assume that all the coefficients a’ (x) are nonzero, and also that n > 1 because otherwise the
equivalence problem is trivial. In this setting, we have

Proposition 3. The most general pseudo-group of equivalence transformations of (17) consists
of all local diffeomorphisms of the form
X =y (xh), i=1,...,n, (18)
U=u. (19)

Under transformation (18) the vector field ), a’ (x)d, is mapped to Yo AN (X)dyi, with

A'(X) = ¥(x"a' (x), (20)
where ¥/(x") denotes the derivative of ¥;(x’) with respect to x’. From (19) it is clear that
the dependent variable u is an invariant of the equivalence problem. We thus ignore this

variable in the search of invariant differential functions, and we are thus interested in finding
the differential invariants of the Lie pseudo-group

G: X =y (xh), Al =yl (xDd', i=1,...,n. (1)
The defining equations of this Lie pseudo-group are
X, =0, if j#i, Al =Xa', i=1,...,n,

where 5’} is the Kronecker delta.
For future reference we note that the infinitesimal generator of G is given by

V=Y &)+ ) d'E (), (22)
i=1 i=1

where & (x') is an arbitrary smooth function of x’, and &/ (x’) denotes the derivative of & (x)
with respect to x.

4. Differential invariants

To find the differential invariants of the Lie pseudo-group (21), we apply the algorithm
discussed in section 2.1. We use the multi-index notation a’, = 8*a’/(3x/ - - - 9x7*), to denote

the partial derivatives of the vector field coefficients a,i =1,...,n, with respect to the
coordinates x’,i = 1, ..., n. The prolonged pseudo-group action of G is found by applying
the differential operators
1
Dyi=—D,:, i=1,...,n, 23
X w l, ()Cl) X 14 n ( )
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where
8 n ) 8
D.,=—+ L — i=1,...
T axi Z Z Uiyt J=hn
i=1 #J>0 J
to A, i = 1, ..., n. The first few terms are

i i 1 i 1./ BN/
A’j = DyjA' = W(a;wi +a (Sjlﬁi),
J

i i 1 511#; i/ BN
A =Dyt = o7 | = (@iy] +a'8y)
k J (24)

1 / 1ol 4 1Ql " LQl Q1 "
t (al ¥ + a8 0] + i85y +a' 85, )},
J

1 < i, j, k < n. The pseudo-group parameters ¥;, ¥/, ¥/, . . ., of the prolonged pseudo-group
action are normalized using the cross-section

X' =0, Al =1, Al =0, i=1,....n, k>1, (25)
where Aﬁk denotes the kth derivative of A’ with respect to X'. Solving for the pseudo-group
parameters we find

i

. 1 al
'=0, = —, V= 26
¥ vi=— v =—rin (26)
i = 1, ..., n. Replacing expressions (26) in the unnormalized target coordinates of (24), i.e.,
inA',#J =k > 1,with J = (ji, ..., ji) such that j; # i for some / between 1 and k, we get
the differential invariants
. . atal
1 i J . .
I; = uaj) = =, i#
i i akjji N i i . ..
I =(a),) = ;<8kaj (aj — 85aj) + ;(a aly — 8asa; — (Sjaka[)), (. k) # (i, 1),
27

The invariants J‘:, 1 ;k of (27) are all functionally independent and give a complete list of

invariants for the second prolonged pseudo-group action G
We now specify the above results to the cases where there are n = 2 and n = 3 independent
variables.

Proposition 4. Let N be the maximal number of functionally independent differential
invariants of orders 1 and 2 in n independent variables.

(i) Forn =2, N? = 6, and the invariants are

i i i\2
. a.a . .o al . . . al ;. (al)” .
i _ | SR N R JgN | i__ ] i i
Ij=-: lij = d'a; — —a;a;, Iy = —raja; + ——aj;, (28)
withi, j € {1,2}andi # j.
(ii) For n = 3, N3 = 21, and the invariants are
i ;
. a.a . Lo al . .
Il = ']' , I.’.:aJaf,——'alAaf’
J ai ij ij g it 29
Cooal . (@)t 4 akala’ 29
Il = —a].a{ + —al“ Il = Jk
JJ al I ai I Jjk ’

withi, j,k € (1,2,3),i # j,k, and j # k.
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Theorem 6 of [5] must be replaced by our proposition 4 above since our list of invariants
is more exhaustive. Indeed, for the case n = 2, the author of [5] finds four independent
differential invariants of orders 1 and 2:

[ i
a.a a..a ;
_ _J _ _J J
T;“_ i Kl]_ i +aja
a Clj

with i, j € {1, 2}, and i # j. Those four invariants are related to the four invariants / }, I ,l] of
(28) by the relations

I =Ty, I, = KT

So the two new invariants in the list (28) are Il.ij, withi, j =1,2,and i # j.
In the case n = 3, 15 independent differential invariants of orders 1 and 2 are found in
[51:
aal a.a’l . . (ala*
_ 4 _ 2 j i
T, = ——, Kij = ——+aj, Lijk = ajy (7),

al ;
aj

withi, j, k € {1,2,3},i # j, k,and j ## k. Those 15 invariants are related to the 15 invariants

15, 1}, I, of (29) by the relations

I} =Ty, I, = KTy, I, = Lij.
So the six new invariants in the list (29) are Il.ij, withi, j =1,2,3,and i # j.
For a general number n > 2 of independent variables, since there are ("”,‘{_') different
kth order derivatives for a scalar function depending on n variables, it follows that there

are ('””]f_l) different target coordinates Aij, i =1,...,n, with#J = k in (24). Since our
cross-section (25) imposes that A;k =0,i=1,...,n,fork > 1 it follows that there are
+k—1
M,';:n<” ' )—n, k> 1,

functionally independent invariants of order k. Hence we have proven.

Proposition 5. For any value n > 2 of independent variables, the number of functionally
independent differential invariants of the second prolongation G® is
n(m+1) n?(n +3)
Y =

N =M'+M?>=n(n—1)+

2n,
and a basis of such invariants is given by (27).

The conjecture on page 12 of [5] is false, and must be replaced by our proposition 5. As
mentioned in the introduction, the conjecture is false since it relies on the wrong number of
invariants found by the author for the cases n = 2, 3, and the unjustified quantity W,, defined
at the top of page 12.

5. Algebra of differential invariants

In this section we give a complete classification of the differential invariants for a generic
vector field >, a’ (x)dyi.
As discussed in section 2.2, from (23) we obtain # invariant differential operators

D; =a' Dy, i=1,...,n, (30)
by replacing ¥/ in (23) by its normalization ¥/ = 1/a’.

8
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To find the correction terms in the recurrence relations (16) we must first compute the
prolongation of the vector field (22). The first terms are

o~

¢ =di(E — &) +oldlE].

o~

P\ = a;k(g; —E -+ (a,ia; + 3j.a;;)g,.” - agag;f + 5;'.3,’;61"5;“, 31)

The correction terms @’J = L($’1) are obtained by making the substitution

x = Hi, as > I}
i ’ i i dksl‘ i i
&> p Si'_)ﬂxi:ﬁ]"-~v WHﬁ(xi)k:,Bk’uw
i =1,...,n,in (31). We note that the one-forms ﬂ,i are all functionally independent. This

follows from the fact that the functions &; and their derivatives are functionally independent.
Using the recurrence relations for the phantom invariants ¢(x') = 0, ((A") = 1, L(A;k) =

0,k >1,i=1,...,n,we find the explicit expressions for the one-forms ﬁ,i:
0=0o +p = p=-0,
0= s, = H=- Yl
i j#i
0= ;Iiijw-f +B. = Pi= —%1;/.60-/, 32)

0= Lo+, = pi=—) I,
J#L J#i

i =1,...,n,where I, is the invariant I, , ; with ki’s as subscripts.
Substituting expressions (32) in the recurrence relations for the first-order non-phantom
invariants we find

zn:Dil,{w" =Xn:1,{[w"+1,{ Yoo =) It |, j#k
i=1 i=1

i#j ik

By induction on the order of the prolonged vector field coefficients (31) we see that the
correction terms ’w\’J with at least one j; # i involves only terms in ,Bj with j < #J — 1. From
(32), we conclude that the correction terms for the recurrence relations of the non-phantom
invariants of order #J > 1 depend on non-phantom invariants of order at most #J. Hence any
normalized invariant /) ; of order #J + 1 can be written as

I}’szjI}'+R§,j, #J) =1, 1<i,j<n,

where R ’J ; depends on normalized invariants of order at most #J. Base on those considerations
we conclude that the first-order differential invariants Ij’ i,j=1,...,n,i # j, generate the
algebra of differential invariants of the equivalence pseudo-group (21).

For a generic vector field Y__; a’(x)d,:, the number of first-order differential invariants
generating the algebra of differential invariants can be greatly reduced using the commutation

9
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relations between the invariant differential operators (30). By direct computation
[D;. Dyl = [a’ Dy, ad* D] = I¥D — I/ D;. (33)

Under the assumption that the two normalized invariants IJ' and Ii{;”, i, # Jo, withi,, j, fixed,

satisfy

DIy Dy

det ’ ) #£0, (34)
Dyl Dyl

forall (k, 1) # (iy, jo) or (k, 1) # (jo» o), k # I, we canreduce the generating set of invariants

to I; and Il{’”. Indeed the assumption (34) implies that we can solve the linear system

(D DAL\ _ (Pl D\ (1]

[Di. D111, i{;ﬂ D1 ijala Dyl i{;” ~1t

(k,1) # (i, j)or (k,1) # (j, i),k # [, for I} and I} in terms of 1]’15, lga'" and their invariant
derivatives. An explicit computation of the determinants appearing in (34) using (30) and (27)
confirms that the determinants are not identically zero for a generic vector field Y, a’ (x)d,.
If furthermore
D;, 17 #0, 35)
which holds for a generic vector field, we can use the commutation relation (33) for D;, and
Dj, to write

7

o i
DI}

([Di,. D)1 + 13D, 1)

Hence for a generic vector field ", a’(x)d,:, we conclude that all differential invariants of
the equivalence pseudo-group (21) can be expressed in terms of the single invariant / ’, io # Jos

and its invariantly differentiated consequences D, - - - D;, I]'), 1<ji,.., e <n,k>1.
For non-generic vector fields , some of the non-degeneracy conditions (34) and (35)
might not hold. The problem then splits in many different sub-cases, depending on which
determinants in (34) are identically zero and if the assumption (35) holds. But in most sub-
cases we can still use the commutator relations (33) to reduce the generating set of first-order

differential invariants {11 :i # j} to a subset of itself.
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